Introduction
Let R be a region bounded by a closed Jordan curve C, and w=f(z) a function which maps the unit circle 121 < 1 conformally on R. As we know, /(z) is then continuous over the circle \z\ gl. In an earlier paper| we have investigated the conditions under which /(z) is differentiable at a boundary point Zi (wi=/(zi)), that is, lim-= /'(zi)
Z-»Z, Z -Zi exists for unrestricted approach in |z| gl, z^Zi, and in addition the conditions under which/'(z) is continuous at each point of an arc of \z\ =1. In the present paper we consider the corresponding questions for the higher derivatives and obtain results of similar nature, of which the following are the principal ones. Let 0(s) be an angle from the direction of the positive axis of reals to the tangent line, where 5 denotes arc length.' Let j Mathematische Zeitschrift, vol. 35 (1932) , pp. 321-456. We refer to this as wr. § The idea of the L-curvature generalizes that of the L-tangent. The idea of the L-tangent was introduced by e. Lindelöf, the name "L-tangent" by a. Ostrowski. Cf. p. 312.
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use II. // C has continuous curvature of order (n -l) along an open arc c, and (*) approaches zero uniformly with a on every closed subarc of c, then /(n)(z) assumes continuous boundary values on the arc y which corresponds to c. (Theo- rem III (b).)
An extension of II in the case c = C shows how the modulus of continuityô f fin)(z) on I z\ = 1 depends on the given function k("-1)(s) and on some other simple properties of C (Theorem III (c)). Thus we obtain a result about the equicontinuity of the nth derivatives of the mapping functions at the boundary, for a family of curves which satisfy certain common conditions.
As is well known, the mapping function/(z) varies continuously in \z\ gl under a suitable continuous deformation of C. R. Courant,| T. Rad6 § and the author|| have given conditions under which this is true. By means of the above-mentioned extension of II we prove an analogous result for the derivatives (Theorem V).
Earlier results on the higher derivatives of the mapping function were obtained by P.Painleve,1f O.D. Kellogg,tt and W. Seidel.In all these cases the hypotheses involve an entire arc of the complete curve, whereas in I above we impose conditions merely at one point. The result of Painleve, which infers the existence and continuity of/(n)(z) at |z| =1 from the continuity of K(»+u(5) on ct is a corollary of II. Kellogg's first paper yields the result that if k("_1)(s) exists and satisfies a Holder condition, then/(n)(z) satisfies such a condition with the same exponent at the boundary. This result does not imply any of our results, nor is it implied by any of them. However, it can also be obtained by a modification of our method of proving Theorem III. § § On the other hand the results of his second paper are easily seen to entail a special case of II.|| [j Seidel proves that, if k(n_2)(s) is absolutely continuous on C and I kCn-1)(s) I " (p>l) is L-integrable, then/(n_1)(z) assumes absolutely continuous boundary values on | z| = 1,/Cn)(z)has radial boundary values,/(n)(ei9), almost everywhere on \z\ =1, and |/(n)(ei9) |p is Z-integrable. This result neither contains any of our theorems nor is it contained in any of them.
If, however, one is interested only in the existence at a given point, or only in the existence and continuity on an arc, of the rath derivative at the boundary, then the results of the present paper are the less restrictive.
I. Preliminary theorems
1. The converse of a theorem of Lindelöf. If a Jordan arc c has a tangent at a point P and if every cord P1P2 of c {P^P%) approaches the tangent at P as Pi and P2 approach P simultaneously, we say that c has an L-tangent at P. This idea was introduced by Lindelöff in the statement of the following theorem, due to him: Let w =/(z) be regular in the circle | z \ < 1 and let /(z) map a neighborhood {|z -1| <r, \z\ <l} of z = l conformally on a region bounded by a closed Jordan curve which has an L-tangent at the point Wi=/(1). Then linw arc/'(z) exists for unrestricted approach in |z| <1.
We shall need the following converse of Lindelöf's theorem:
Theorem I. Let /(z) be regular in \z\ <1 and let any branch of arc/'(z) be harmonic in the region Sflo {|z -1| Oo < 1, |z| <l}. Let lim"i arc/'(z) exist for unrestricted approach in \z\ < 1. Then we have
(1) /(z) assumes continuous boundary values f(eie) on an arc 7 of \z\ =lf with mid-point z = 1. Furthermore,
exists almost everywhere on 7 and f(e'9) -/(I) = f f'(e«)ie»dt, n 0 \f'(eil) I being integrable on 7 in the sense of Lebesgue.
(2) For some r>0, w=f(z) is Univalent in 'HI: {\z -l\<r, |z| gl}; thus the boundary of 5ft is mapped on a closed Jordan curve T.
(3) T has an L-tangent at the point W\ =/(l).
The following lemma will be used in the proof. t We say that a function /(z), regular in | z | < 1, assumes continuous boundary values on an arc 1 of I z| = 1 if there is a function/(e<9) continuous on 7 such that Iims_ei0/(z) = /(«*'•) for unrestricted approach.
§ The symbol a T a, which was introduced by A. Ostrowski, means that a approaches a monotonically from below.
II See J. Wolff, Comptes Rendus, vol. 198 (1934) , pp. 1209-1210.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let ri>0 be chosen so that |arc/'(z)| g<7 in SSti: {Iz -11 <ri, \z\ < 1,, where 17 denotes any positive number <(log 2)/(4e). We choose a subarc y of the part of \z\ =1 belonging to the boundary of 9?i with mid-point z = 1, and join its end points by another Jordan arc 7' within Hi in such a manner that 7 and 7' form a closed Jordan curve C with continuous curvature. Let z=0(f) map the circle |f| <1 on the interior of C with f = 1 corresponding to z = 1. The function <p(f) has continuous boundary values on |f | =1 and continuous non-vanishing first derivative in |f | J»l«t
Since |arc /'(0(f)) | £3, to every positive ^<(log 2)/(2erj) there corresponds a constant K, depending only on p and 17, such that (1.1) CT\f'{4>(pe"))\±HT g at|/'(0(O))|±P, if 0gp<l.t
•/ 0 t See, for example, W. Seidel, Mathematische Annalen, vol. 104 (1931), p. 217, Theorem 18, and p. 226, Theorem 20, or WR, p. 433, Theorem 10, isbounded for 0 g p < 1, from which the conclusion follows.
(2) Part (2) of the conclusion of our theorem is an immediate consequence of Lemma 1 since we have in % |arc f'(z) | gr;<7r/2 and therefore «(/*(«)) >0.
f See, for example, F. Riesz, Mathematische Zeitschrift, vol. 18 (1923), pp. 87-95. (3) The existence of the Z-tangent at wi =/(l) evidently follows from the following fact. Let e>0 be an arbitrary number. Then, for any two points Zi = eih, z2 = eih, 6i<92, in a sufficiently small neighborhood of z = 1, we have, for a suitable branch of the argument, [September First we see, by applying Theorem I to F(z), that F(z) maps the interior of a certain region 9<c: {|z -11 <r, \z\ <l} on the interior of a closed Jordan curve T which has an Z-tangent at Wi = F(1). Let z = 0(f) be a function which maps the circle | f | < 1 on 5ft in such a manner that 0(1) = 1 and that the segment -1 g f g 1 corresponds to the segment 1 -r g z g 1. Then 0(f) is analytic also in a neighborhood of f = 1, and 0'(1) 5*0. The function eA<*<r»0'(f) tends to eAo0'(l) as f approaches 1 along the radius at f = 1. Therefore, F(0(f)) satisfies the hypothesis of a theorem of the writer, f according to which r<TO(D)i L # Jr-i exists and is equal to eAo0'(l).
Hence also, for unrestricted approach in \ z\ gl, 2 5*1,
We shall now use (2.1) to prove the conclusion regarding G{z). According to the Remark above, G(z) is continuous on an arc y of \z\ =1 with mid-point 2 = 1, and we have, for e'" on y,
.where exists, then/(z) is differentiable at z= 1 and/'(l) = 1^1,11/'^). This is a special case of a theorem in WR, p. 376 (Theorem 3). Compare also the paper of the writer in Compositio Mathematica, vol. 1 (1935), p. 320. For, since (2.2) implies that $>(z) = (G(z) -C7(l))/(z -1) is bounded on y, and since 4>(z)=0(l/| 1-z|) in a region |z -1| £fi, |z| <l} it follows from a well known theorem of Phragmen-Lindelöf that $(z) is bounded in Hence, according to a theorem of Lindelöf, it follows from (2.2) that lim2^i$(z) =h0/i for unrestricted approach in |z| <1.
As v(eie), defined for almost every e'9 on y, is continuous at 0 = 0 we have 1 r"
In order to prove (2.3), we first note that we may infer from (2.1), with the help of the relation Now, since -A(z) satisfies the hypotheses of the theorem, if h(z) satisfies them, (2.1) remains true when we replace T^z) by Fi(z) = J'ae~hWdu and eh* by e~h'>. Therefore we obtain, by the method used to establish (2.6), Hence l re
With the aid of the inequality a.2 g e" + e~a -2 = ea -1 + e~a -1, which holds for every real a, we obtain from (2.6) and (2.7): l r" l r"
From Schwarz's inequality it then follows that (t I ~ wo^) ~ t/0 ^''^ ~ mo^* which proves (2.3). Therefore the theorem is true.
II. Existence and continuity of the mth derivative of the mapping function on the boundary 3. Lemmas. Let V(s) be defined and continuous in the interval I: A^s^B, and, for an s in I and an s>0, let the integral
exist. We shall make a few remarks about this integral which we shall use later. and letting e approach zero, we see that the result is true, (la) If V'(s) satisfies a Holder condition at s = Si:
then, because of (3.2), C, , dt 2»E
(2) 5mw a«d product. We shall sometimes use the notation
If Vi(s) and V2(s) are defined and continuous in I, we have dt ra, (2) 
By multiplying this by l/t2 and integrating over 0 • • • a, we obtain a relation from which (3.5) follows at once. 
It follows from (3.6) that
If we denote by 0(s) the inverse function of s(d), we obtain (2) i dr I A; 5(0i)| -i 0 t from which (3.8) follows with the help of (3.7).
We shall also have to use the following simple lemmas.
Lemma 2. Let f if) be continuous for A g/g.B, 0<\^B-A gA, and let 5(e) be a modulus of continuity of f(t). Suppose \fA.f{t)dt\ gm, w = 0. Then there is a number MS:1, which depends only on m, X, A and the function 5(e), but not otherwise on fit), such that in A ^t^B: |/(/) | g Af.
We may omit the simple proof of this lemma. We shall need the following corollary.
Lemma 3. Let fit) have in A^t^B, with 0<Xg5-^4gA, a continuous nth derivative and let 5(e) be a modulus of continuity of fln)(t). Suppose that \flß',)(t)dt\ gm, w^O, v = \, 2, • • • , n. Then there exists a K^l, depending only on X, A, m, and the function 5(e), such that, in A^t^B,
First, according to Lemma 2, there is an Afn2i 1, depending only on X, A, m and 5(e), such that |/<n)(0| =M" in A g*g.B. Hence
Therefore, we may apply Lemma 2 to/Cn-1)(£) with the modulus of continuity 5*(e) =e/Af". Thus we obtain an Af"_i, which also depends only on X, A, m, and 5(e), such that |/("_1)(0| ^Afn_i in ^4g2g73. By applying the same method to/<"-2>(0 and f(n-1}{t), /Cn_s>(<) and/(n-2,(/), and so on, the proof is easily completed. (c) Suppose that the hypotheses of (b) are satisfied for y = {0 g 9 g 27r} and that V'(0) = V'(2-ir). Suppose 5(£) is a modulus of continuity of V'(9), and tj(£) is a modulus of convergence% of (4.1). Then also F'(z) assumes continuous boundary values F'(eie) on | z\ = 1 and the modulus of continuity of F'(eie), A(e), depends only on e, and the functions 6(£) and -n (£). Furthermore, there is an upper bound for \ F'(eie) \, also depending only on the functions ö(£) and r)(£).
By using Poisson's formula f Part (a) of this lemma has already been used by the author in WR, pp. 407 and 424. A theorem of similar nature was obtained by A. Plessner, Zur Theorie der konjugierten trigonometrischen Reihen, Dissertation, Giessen, 1923, p. 2. The corresponding generalization of condition (4.1) for functions harmonic within a sphere has been used by O. D. Kellogg, in the second paper mentioned in footnote ft on p. 311.
t We call a function tj(£)>0 defined for £>0 a modulus of convergence of the integral (4.1) if for every £>0, over all of | z| = 1, the integral (4.1) is g £, provided that 0<agjj(£).
Since sin (r/2)gr/2 and, for Ogr^Tr, sin (t/2)^t/t, we have * f I a" V(e) |t a /" I a?V(*)| ± 4 ncm\ % ■ Conversely, if ?;({) is a modulus of convergence for the second integral, r/(J/ir2) is one for the first one.
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which holds for Ogr<l, we obtain by setting <£ -0=t
The expression
(1 -r)2 -2(1 + r2) sin2 (r/2) dr.
[(1 -r)2 + 4r sin2 (r/2)]2 sin2 (r/2) is uniformly bounded for £ g r < 1 and every real r. Furthermore, it tends to -I uniformly in the interval 5 gr g7r for any fixed positive 5 as r approaches 1. Since the integral (4.1) approaches zero with a, we therefore see that dv(rea) 3«(rei9) 1 r * {7(0 + r) + 7(0 -t) -27(0)} r -=->-I -dr dr dd 4ttJ0 sin2 (r/2) as r approaches 1, and also that this convergence is uniform in any interval 0i g 0 g 02 in which (4.1) tends uniformly to zero with a. Furthermore, according to a theorem of Fatou,
for every 0 for which dV(6) V>{6) = --dd exists, and the convergence is uniform in 0ig0g02, if 7'(0) is continuous there. This establishes parts (a) and (b) of the theorem.
It follows immediately from (b) that, under the hypothesis of part (c), F'(z) assumes continuous boundary values on \z\ = 1. To prove the remaining conclusion in (c), it is evidently sufficient to prove the result for the function ieieF'(eie) instead of F'(eie).
As far as the modulus of continuity of iei6F'(eie) is concerned, it remains only to show that the modulus of continuity of its real part depends only on e and on the functions 5(£) and <? (£) . In order to demonstrate this we first note that, since f^V'(B)dd = 0, according to Lemma 2 there is an 1, de- exists when s and s' (s^s') approach Si simultaneously, we say that c has an L-curvature of order n at Sj. Theorem III. Let R be a simply connected region. Let the boundary of R contain a free Jordan arc c.f Suppose w=f(z) is a function which maps the circle \z\ < 1 on R. Suppose that (5.1) exists at each point of C and approaches zero with a uniformly over all of C. Let 6(£) be a modulus of continuity of k(b-1)(s) and ?}(£) a modulus of convergence of (5.1). Furthermore, let D be a number such that the diameter of C is gZ>. Let p>0 be the radius of a circle with the center/(O) =wo lying entirely in R, and let d>0 denote a constant such that r/cr^d where r is the distance between any two points of C and a is the length of the shortest arc of C joining the two points.
Then /<n)(z) has continuous boundary values over all of \z\ =1 and s(n)(0) exists and is continuous there. Furthermore, there is a modulus of continuity of /<n)(ei9) and s'n)(0), A(e), which depends only on e, D, p, d, and on the functions o(£) and r/(£), and there is an upper bound for |/Cn,(z) | and | s("'((?) | which also depends only on D, p, d, and the functions 5(i;) and i?(£).
f That is, a Jordan arc the end points of which can be joined by another Jordan arc b lying in R except for the end points, such that b and c form a closed Jordan curve which bounds a region belonging to R. This idea is due to C. Caratheodory; see, for example, C. Caratheodory, Conformai Representation, Cambridge University Press, 1932, p. 86.
t Theorem III (b) contains as a special case a result which can be obtained by applying to the logarithmic potential, and in particular to Green's function of a plane region, the method given by O. D. Kellogg in his investigations of the derivatives at the boundary, of harmonic functions in space (see footnote ft on p. 311, second paper). The special case which is obtained in this way is the following (see Theorem III, p. 491, loc. cit.): Let R, c, and w=f(z) have the same meanings as in Theorem III of our paper. If <c<n_1>(i) exists on c and if there is a non-decreasing function D(t), defined for l>0, for which f°(D(i)/t2)dt exists, such that and on the modulus of continuity 5(£) of k("°(5). Furthermore, because of (5.9), each integral (5.4) which approaches 0 with a uniformly on C, has a modulus of convergence also depending only on e, 77, p, d, and on the function 5(£). Because of (5.10) it follows from Theorem f It should be noticed that (5.5) is true on a closed neighborhood of 9 = 0 under hypothesis (a) of Theorem III* because/'(z) is continuous and different from 0 there.
t In order to prove Sg2D/d we need only apply the inequality r/a^d to two points on C distant cr=|5 from each other along C. III* (b) that mi, m2 in (5.5) and H in (5.6) and (5.7) depend only on D, p, d, and on 5(£).
6. Proof of Theorem III. We shall first show that if the theorem is true for the orders n = 2, 3, • • • , m, it is also true for n = m+l. In the proof of each of the three parts we thus assume that all three parts have been proved for n = 2, 3, • • • , m and the hypotheses of the part in question are satisfied for n = m-\-\.
(1) Since/' (2) is not zero in |z| <1 every branch of log/'(2) is regular there. We choose a branch of log /'(z) and note first that our proof will be completed if we prove, in each of the three cases, that the function 3m log /'(z)/d0m, z=rei$, satisfies the result stated in the conclusion about /(m+1)(z). For we have, first,
where Pn(z) is a polynomial in the derivatives of log/'(z) with respect to z of order g m -1 and in derivatives of z with respect to 0. By replacing each expression d" log f'(z)/dz» by
we obtain, by use of d"z/d0" = i"z,
where 72m(z) is a polynomial in the derivatives of/(z) of order in 2 and t/m.
We supposed that the hypotheses of part (a), (b), or (c) as the case may be are satisfied for » = »t+l. According to Remarks 1 and 2 above, we may therefore in each of the three cases apply the corresponding part of our theorem about/"(z),/'"(z),
• • • ,f(m)(z), which is supposed to be proved, and also the results about /'(z) stated in these remarks. Since this shows that 7?m(z) has the properties which are to be established for/(m+1)(2), it follows from (6.1) that/Cm+1)(z) will have these properties, if dm log f'(z)/ddm has them.
In order to infer also the result of part (b) or (c) about s<m+1)(0) from this property of dmlog /'(z)/30m, we first observe that, if dmlog f'(reie)/ddm (0 <r < 1) has continuous boundary values on an arc 0i < 0 < 02 of | z | = 1, also dm log f'(eie)/d9m exists on this arc and is equal to limr,i dm logf(rei9)/ddm.
Therefore, it follows from dm log I f(ei$) I dm log s'(6)
de™-2 S'(9)J that s(m+1)(0) exists on 7' or over all of |z| =1 respectively, since s'(6)^0 there. Hence, we have
from which we easily infer the result about the continuity of s<m+1>(0) in case (b) and the modulus of continuity and the bound of s(m+1)(0) in case (c).
(2) We now prove the result concerning dm log/'(z)/d0m. Let us first assume that the hypotheses of part (a) are satisfied for n = m+l. According to Remark 1 above, the hypotheses of part (b) of our theorem are then also satisfied in a neighborhood of s = Si for n = 2, 3, ■ ■ ■ , m. Hence, if we set 6*(0) = 6(s(0)), we see that (6.4) | F(0i) -F(02) | g k | 0i -021 g K2*-)1'21 0i -0211/2.
By using (6.1) with m replaced by m -1, we see that dm_1 log/'(z)/d0m_1 assumes continuous boundary values on |z| =1 in a neighborhood of z = l. Since there, for a suitable branch of arc/'(z), arc f'(eie) = ©*(0) -0 -ir/2, it is easily seen that the boundary function of the imaginary part of dm-i \og f'(z)/dd™-1 is 7(0), if m>2, and 7(0)-1, if m = 2. According to a theorem of Privaloff,f it follows from the fact that 7(0) satisfies a Holder condition with the exponent f for -5g0g5, that also the real part of the boundary function of a™-1 log/'(z)/d0m-1, that is, dm~x log s'(6)/ddm-1, satis-fies a Holder condition with the same exponent in any fixed interval with 0<5'<5:
For the proof of part (c) of our theorem it is important to notice that, if V{0) satisfies the Holder condition in (6.4) over all of |z| =1, the proof of Privaloff's theorem implies that also (6.5) is true over all of \z\ =1 and that the constant h in (6.5) depends only on the constant k in (6.4).
From (6.5) we infer with the help of (6.2), used for m -\ instead of m, that, in the neighborhood of 9 = 0, also (6.6) I s^tfj -sC»>(02) I g g\ 0X -02|1/2 (g constant).
Now we note that we may write (6.3) in the form
where nm(0) denotes a polynomial in km(s (0) Secondly, we see that the integral (6.7) approaches zero uniformly with a on every closed subarc of the open arc y or over all of \z\ =1 respectively, and that in the latter case the modulus of convergence of (6.7) depends only on the same things as 5*(e).
Thirdly, we see that (6.9) also, hence (6.10), approach zero uniformly with a on the arc y' or over all of \z\ = 1 respectively, and that in case (c) the modulus of convergence »?*(e) of (6.10) depends only on e, 77, p, d, and the modulus of continuity 5(£) of nim)(s), and the modulus of convergence tj(^) of (6.8). (0) and (6.10) exist at 0 = 0, the result which we wish to prove follows immediately from Lemma 5 (a). According to the three remarks which we have just made concerning parts (b) and (c), these parts follow from Lemmas 5 (b) and 4 (c) respectively.
To complete the induction we have to show now that Theorem III is true for n -2. We obtain this proof for w = 2 immediately from the preceding proof by setting m+l = 2, since all properties of /'(z) which are used in this proof are based on Theorem III*. This completes the proof of Theorem III.
7. Existence of the wth derivative of the mapping function at a boundary point. We prove the following theorem:
Theorem IV. Let R be a simply connected region. Let the boundary of R contain a free Jordan arc c. Suppose that the arc c has an L-curvature of order n -1 at an interior point wx(s = Si) and that
exists for an a>0. If w=f{z) is a function which maps the circle \z\ <1 on R in such a manner that z = 1 corresponds to wx, then /<n_1' (z) assumes continuous boundary values on \z\ =1 in a neighborhood of z = 1 and is differentiable at z = l.
We shall use one part of the following lemma in the proof. Since lim^<oV'(0) = F'(0) when <b->0 over the point set on which F'(<£) is defined, it follows by a well known procedure that lim,,idii(/,e<*)/30 exists for unrestricted approach in |z| <1 and = F'(0).
(2) If, conversely, linwds^re**)/^, 2 = ^**, exists, then there is a S>0 such that dv/d(p is bounded in the sector { -5 g $ g 5, 0 < r < 1}. According to Fatou's theorem, di>(re**)/d<j> therefore has radial boundary values h(<p) for almost every <j> in -5g0g5.
Evidently is continuous at <p-0. Hence, according to Lebesgue's integral theorem, we have We choose a fixed branch of log/'(z) and consider G*(z)=dn~2 log/'(z) /Ö0"-2, |z| = <1. With the help of (6.1), used for m = n-2, it follows from what we have just noted about/'(2), • • • , /(n_1)(2), and/(B)(2) that G*(z) assumes continuous boundary values on y* and that limr, iG*'(r) exists.
Let 9(5) denote the angle defined as in the beginning of §5. If 0*(0) = 6(5(0)), then 3(log/V«)) = ®*(0) -0+C on 7* C being a constant which depends on the branch of log/'(z) chosen by us, and therefore
is the boundary function of the imaginary part of G*(z). Furthermore, it follows from our hypothesis that V*(0) -V*(6') lim ----= F*' (0) e -e' exists when 6 and 9' approach zero simultaneously. Let r denote the closed Jordan curve formed by y* and the part within I z I < 1 of the circle with center z = 1 through z = eiS (and e~iS). T is symmetric in the axis of reals. Let z = g(f) be the function which maps the circle | f | <1 on the interior of T in such a manner that g(l) = 1 and that the segment -Kf < 1 corresponds to the part of the real axis which lies in the interior of T. The function z = g(f) is also analytic on the open arc y of |f | =1 which corresponds to y*, and g'(f) ^0 here. G(f) = G*(g(f)) is regular in | f | < 1 and assumes continuous boundary values on |f| =1. The boundary function of its imaginary part on y is V{4>) = F*(arc g(ei0)). Evidently lim(F(0)-F(0'))/(0-<A') exists as <p and <j>' approach zero simultaneously.
Hence, according to Lemma 6, 
has a derivative at f = 1. Hence G*(z) has a derivative at z = 1. With the help of (6.1), used for m = n -2, we easily infer from this that/(n_1)(z) is also differentiable at z = 1. Before we prove this theorem we shall discuss a few simple consequences of the hypotheses (1) and (2) in the following Remark. As is well known, hypothesis (2) implies that the family of functions Wm(n)(t), m = \, 2, ■ ■ ■ , is equicontinuous § for Og^gT and all tOf course, Wm(t) and W(t) are denned for all real t, by the equations Wm(t+T) = Wm(t), W(t+T) = W(t).
t The difference in the nature of the two hypotheses (for «=1 and for n> 1) in (3) is due to the difference between the types of conditions which we have obtained for existence and continuity of the derivatives at the boundary in these cases.
As a corollary, Theorem V is true if hypotheses (2) and (3) are replaced by the condition that there be a non-decreasing function D{t) for which f^(D(t)/t)dt converges, such that, for all I and m, \WJ"Kt+u)-Wm^(.i)\ ^D(u), u>0. § A family of functions <t>n(x), n = \, 2, • • • , defined for agzgi, is said to be equicontinuous, if for every «>0 there is a a(«)>0 such that \ cth,(x)-4>"(x') | g« if \x-x'\ uniformly for all x,
x' in a^x^b and all n= 1, 2, • • • .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use m = l,2, ■ ■ ■ .Since f0 Wmw (t)dt 0, f 1,2, it follows from Lemma 3 that there is a constant ki such that for 0 g/ g T and jw = 1, 2, • ■ ■ , (8.1) \W^(t)\^h (*= 1,2, ••■,»).
With the help of (8.1) and the hypotheses (1) and (2) we shall prove that also W(t) has a continuous nth derivative Wln)(t) and that Wmw(t) approaches WM(i) (v = 0, 1, 2, ■ • • , to) uniformly for Og/gT and thus for all real t.
First we note that because of (8.1) we can choose from each subsequence To prove (8.3), we note first that we can always assign to Pi and P2 values h and t2 of the parameter t such that 11\-h\ ST/2 and Og^i, /2 = 27\
According to the mean-value theorem, we have Kmv(s) (v = 2, 3, • • • , n-\) is a polynomial in Umw(t), W«>(f) 0 = 1, 2,
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